A lepton-flavor violating (LFV) Z ′ boson may mimic some of the phenomena usually attributed to supersymmetric theories. Using a conservative model of LFV Z ′ bosons, the recent BNL E821 muon g − 2 deviation allows for a LFV Z ′ interpretation with a boson mass up to 4.8 TeV while staying within limits set by muon conversion, µ → eγ, and µ → eee. This model is immediately testable as one to twenty e + e − → µτ events are predicted for an analysis of the LEP II data. Future muon conversion experiments, MECO and PRIME, are demonstrated to have potential to probe very high boson masses with very small charges, such as a 10 TeV boson with an e-µ charge of 10 −5 . Furthermore, the next linear collider is shown to be highly complementary with muon conversion experiments, which are shown to provide the strictest and most relevant bounds on LFV phenomena.
Historically, flavor-conserving Z ′ bosons have been extensively studied, while less attention has been given to the more general case of Z ′ bosons as a primal source of flavor changing neutral currents (FCNC). With proper respect for the discovery potential of the forthcoming muon conversion experiments, we focus this article only on the Z ′ boson with lepton-flavor violation (LFV) at its primitive vertices. It is feasible that any of the above higher theories will yield a LFV Z ′ through sufficient model building and interest. In some cases, they already exist in the string models of Refs. [11, 12, 13] and technicolor models of Refs. [14, 15, 16] . Because there is no general reason why the grander theories above should supply flavor conserving Z ′ bosons, the plausibility of LFV Z ′ bosons is inherited from the motivations of such models.
Further motivation stems from the strong possibility of detection of weak-scale supersymmetric particles at near-future collider experiments. A supersymmetric analysis of collider signals may be drastically altered by low-scale Z ′ bosons by providing additional process channels. We demonstrate examples of this by showing how a LFV Z ′ boson may fully account for any deviations found in lepton anomalous magnetic moments, muon conversion, µ → eγ, and µ → eee.
Choice of model
The most general model of an electrically neutral Z ′ bosons would include in its lagrangian its 1) kinetic term; 2) fermion interactions
3) a Higgs sector as a source for the Z ′ mass; 4) a non-SM fermion sector necessary to cancel the chiral anomalies of the Z ′ ; 5) vector boson interactions, including mass-mixing with the Z and other U(1) bosons; and 6) kinetic mixing terms with other vector bosons (i.e. χ 2 Z µν Z ′ µν ). The coupling constant is chosen to have sin θ W separated out to make comparisons to the SM Z boson easier. ψ and ψ ′ are labels for leptons, up-type quarks, and down-type quarks: ψ ∈ {l, u, d}. The subscript on ψ i refers to flavor. These charges must form symmetric matrices if the lagrangian is to be Hermitian.
We choose a conservative model, meaning as few parameters as possible while maintaining generic features that should be inherent in any LFV Z ′ boson. We dub our choice of parameters "model X", and the Z ′ boson shares the same name, X µ . To be minimal, effects from the new Higgs and fermion sectors are considered negligible, though their phenomena may be very rich in general. The χ parameter of gauge kinetic mixing is shown to be on the orders of |χ| 2 = 10 −6 for gauge-mediated supersymmetry breaking and 10 −16 for gravitymediated supersymmetry breaking [17] . Relative to the dominant diagrams for any process considered here, inclusion of kinetic mixing would suppress the contribution by |χ| 2 . There is no kinetic mixing in model X; we set χ = 0. Another source of mixing would exist if the SM Z boson and X boson shared a common Higgs mechanism. The physical states observed would then be a quantum admixture, parameterized by a mixing angle θ. The physical Z boson would then inherit some LFV couplings. No mixing is used in model X; θ = 0.
We choose purely vectorial interactions for all fermions with the X boson and drop the helicity subscripts on the charges while setting Q ψ L = Q ψ R . Separate charges for leftand right-handed vector interactions offer no potential to change phenomenology since spinaveraged observables will contain |Q ψ L ij | 2 + |Q ψ R ij | 2 which is better off mapped to a single vectorial coupling. A similar mapping can be made for other choices, i.e. purely axial, purely left-handed, etc. Though, in purely left-or right-handed interactions, processes that require a helicity flip (i.e. mass insertions) will result in zero for an observable and may be useful for restricting the classes of experiments that may constrain a model (as in Ref. [18] ).
As our focus is LFV, we remove FCNC quark interactions by setting the quark charge matrices to identity, Q u = Q d = 1. It assumed the higher theories that provide our X boson presents all fermions in the gauge basis of X-in general, different from the basis of the SM (ordinary quarks and leptons) with the Yukawa couplings in a non-diagonal basis. The higher theory supplies the X charges in diagonal matrices q ψ (helicity label omitted). Through unitary matrices U ψ , the original fermions ψ ′ are rotated to the SM basis ψ = U ψ ψ ′ .
As a result, the X charges are transformed from q ψ to Q ψ = U ψ † qU ψ . The notation for fermion-vector boson interactions is
We will refer to the Q ij as "charges" even though they are not the eigenvalues of a gauge group generator, but rather a simple renaming of the quantity [U † qU] ij .
The charges for the leptons Q l ij contain the LFV content. For the lepton charges, q l is chosen to be the diagonal matrix q l = diag(q l 11 , q l 11 , q l 33 ) with the first two generations sharing the same charge but different from the third generation. This is chosen for two reasons: from the fermion masses, one suspects there to be something special about the third generation; and allowing the first two generations to have unique charges does not affect generic behavior in any qualitative way.
All Yukawa unitary rotation matrices are set to the identity matrix except the following two. U u L = V CKM is necessary to meet the definition of the CKM matrix. For the lepton charges, a non-trivial U l will create off diagonal elements from the diagonal q l matrix provided Experiment type
Charges probed
Best measurement Table 1 : The charges listed are only those involved at lowest order. Those in parenthesis are involved in diagrams of the same order, but suppressed by either a mass insertion or the charge expected to be small. The quantity R is defined as σ(µN → eN)/σ(µN → ν µ N) for muon conversion and as the branching ratios for the rare muon decays.
q l is not proportional to the identity matrix. U l is chosen to borrow the parameterized form of the CKM matrix, (2)
The notation s ij and c ij means sines and cosines of parameters θ 12 , θ 23 , θ 13 which need not be the CKM values. We have ignored the allowed complex phase for simplicity. In summary, model X is defined by parameters q l 11 , q l 33 , three angles for the unitary transformation U l , the coupling constant g X , and the boson mass m X .
Experimental constraints on LFV
Although it is known that LFV may occur in other models such as slepton loops in a supersymmetric SM, loops with neutrino mixing, and other exotic models [19] , it assumed that the X boson is the dominant component of LFV effects in the following analysis. With neutrino mixing recently verified to 3σ for active and sterile neutrino models [20] , LFV is a reality. But to what extent? It can be shown that LFV through neutrino mixing cannot account for any LFV signals found with the sensitivity levels of the future muon conversion experiments. However, a supersymmetric SM enhances LFV effects of neutrino mixing in see-saw mechanisms through Yukawa vertices of the type H ± − l ∓ − ν [21] . Table 1 lists the experiments considered and the charges they probe at lowest perturbative order. Note that, in general, they all probe different charges. Since all measurements have null-results except for the muon anomalous magnetic moment, we may consider two cases: the case in which the X boson contributes to the muon anomalous magnetic moment, but Figure 1 : The leading contributions of a LFV Z ′ boson to the muon anomalous magnetic moment. The diagram with an internal tau propagator is dominant due to m 2 τ enhancement in the g − 2 observable. does not dominate; and the case in which it does dominate. The reason for this division is due to the great difference in available parameter space between the two cases-the latter case being highly constrained.
In general, for model X, a single experiment from Table 1 has its charges constrained by any other experiment listed in Table 1 . For example, µ → eee shares the at least one charge in common as e + e − → µτ and muon conversion; e + e − → µτ shares at least one charge in common with a few other experiments, and so on until all six charges are included. There are exceptions to this general feature of model X. This arises when a parameter choice sets one or more charges Q l ij to zero, such as the universal or generation-dependent Z ′ cases of model X. For example, setting Q l 12 = 0 unconstrains a model X interpretation of muon g − 2 from the strict muon conversion and µ → eγ limits.
The muon anomalous magnetic moment
The X boson participates in the (anti)muon anomalous magnetic moment via a loop involving all charged leptons ( Fig. 1 ). The X boson contribution is dominated by the diagram that includes an internal tau line. This can be seen by noting the two internal tau propagators provide a term proportional to m 2 τ in the numerator. This dependence is not cancelled by the m 2 τ in the denominator since a heavy X boson mass will dominate the denominator. Therefore, we ignore all other contributions by the X boson and only the µ-τ charge Q l 23 is probed. In the limit m X ≫ m τ , the deviation of the muon anomalous magnetic moment a µ ≡ (g − 2)/2 from the SM value is
and is measured to be (43 ± 16) × 10 −10 by BNL experiment E821 (2000) . Parameter space for model X to account for δa µ exists but is small when enforcing limits from the LFV Table 1 , with muon conversion as the strictest limit. (ν µ e → ν µ e elastic scattering limits are not applied.) The coupling constant is set to the maximal value that retains the perturbative calculation's validity, g X / sin θ W = √ 4π. This is to demonstrate the highest allowed boson mass. experiments listed in Table 1 . This is accomplished by large µ-τ charge Q l 23 , small e-µ charge Q l 12 , and relatively small m X . The boson mass m X must be balanced between being light enough to account for δa µ and heavy enough to avoid being ruled out at muon conversion and µ → eee experiments. The small Q l 12 criteria is required to keep under the same limits. To create a large Q l 23 , the special case of q l = diag(−1, −1, 1) is used since all off-diagonal charges are proportional to the difference in q l 11 and q l 33 in model X,
Parameter space compatible with the BNL E821 deviation is tightly bunched around a particular charge assignment
All entries above are magnitudes only. However, a quirk of model X requires the Q l 11 entry to be fixed at −1 at its muon g − 2 optimal compatible value, despite whether or not the case q l = diag(−1, −1, 1) is used. This parameter space yields an upper limit on the boson mass of m X ≈1 TeV for g X = g Y and 2. 8 TeV
as seen in Fig. 2 .
√ 4π is chosen to be the highest value of the coupling constant chosen such that next leading order in the perturbative expansion remains smaller than the leading order contribution. If the constraint q l = diag(−1, −1, 1) is relaxed, the effect is to widen the range of allowed boson masses. Q l 11 fixed at −1 has potential to conflict with measurements of elastic scattering of muon neutrinos and electrons, ν µ e → ν µ e. While not a charge involved in the lowest order X contribution to muon g −2, Q l 11 is nonetheless constrained due to the parameterization choice of model X. To examine this constraint, the 4-point effective lagrangian is constructed from the X-exchange in the t-channel,
where P L = (1 − γ 5 )/2. This is done for the sake of comparison with the convention of the PDG (Eq. 10.12 of Ref. [22] ),
This constrains |Q l 11 | to g νe V . Using a typical momentum transfer value |t| ≪ m 2 X and the PDG quoted value of g νe V = (−0.041 ± 0.015), it is seen that there is no model X parameter space (namely Q l 11 ) that simultaneously satisfies the muon g − 2 deviation, muon LFV experiments, and ν µ e → ν µ e scattering measurements. Therefore, in order for a LFV Z ′ model to have compatibility with all such data, a modified model X would require either one more additional parameter to unconstrain Q l 11 or arbitrarily small couplings to the muon neutrino.
Compatibility without ν µ e → ν µ e constraints is in agreement with Ref. [23] , which uses a submodel of model X to demonstrate a LFV Z ′ interpretation of the muon g − 2 deviation. However, the model of Ref. [23] has the limitation of not being able to be tested at a linear collider since it does not include electron couplings (i.e. Q l 11 = 0). Another recent study [24] also utilized submodels of model X (non-commuting extended technicolor and top assisted technicolor), but such models found only small LFV Z ′ contributions to the muon g − 2 deviation.
In the case of diagonal charges in Q l , model X becomes a universal or generationdependent Z ′ study. Such models still may account for the muon g − 2 deviation simply by having a large coupling to the muon. The internal fermion propagator is a muon, and the muon g − 2 deviation is then
in the limit m X ≫ m µ . Using g X / sin 2 θ W = √ 4π and |Q l 22 | = 1, a 660 GeV boson is allowed. With a more familiar value for the coupling constant, g X = g Y , the boson mass would have to be under 140 GeV to explain the deviation. Neither constraints from LEP II and ν µ e → ν µ e (both probes of Q l 11 ) may not rule out these mass limits due to the possible parameter space in which the electron charge Q l 11 can be set arbitrarily small while the muon charge Q l 22 is arbitrary. For example, this is seen by the choice that q l = diag(0, 0, q l 33 ) while the unitary rotations are constrained to θ 12 = θ 13 = π/2 with θ 23 left arbitrary. This results in Q l 11 = 0 and arbitrary Q l 22 .
e + e − → µτ
With the LFV X boson interpretation of the muon g − 2 deviation requiring a large offdiagonal charge Q l 23 , one immediately wonders if model X predicts e + e − → µτ events observed at LEP II. This cross-section is
Using a center of mass energy of 210 GeV and a total luminosity of 230 pb −1 , all parameter space points in the plots of Fig. 2 predict one to about twenty events at LEP II, regardless of the coupling constant g X . This is fascinating and suggests an analysis of the LEP II data would be elucidating. If no events are found at LEP II, model X is still a plausible interpretation for the muon g − 2 deviation since an ample fraction of the parameter space points yield only a handful of events.
Considering e + e − → eµ is pointless in the foreseeable future due to the strict muon conversion limits. e + e − → eτ is unmotivated in this study as there is no reason to believe the e-τ charge Q l 13 is large. If a LFV Z ′ is not involved in the dominant contribution to the muon g − 2 discrepancy, Q l 13 may be large but still unmotivated.
Muon conversion
Muon conversion is the process µ − N → e − N. Slow negative muons are aimed at a nuclear sample where ground state muonic atoms are allowed to form. The muon eventually undergoes SM decay in which a W boson is emitted from the muon towards the nuclei or outside the atom. The ratio of muon conversion to weak decays is defined as
. SINDRUM II at the Paul Scherrer Institut (PSI) holds the current best limit of 6.1 × 10 −13 (1998) [25] . MECO (muon electron conversion) at Brookhaven (E940) may collect data in 2006 with a sensitivity of 2 × 10 −16 [26] . PRIME (PRISM mu-e conversion) will use the PRISM high-intensity muon source at the Japan Hadron Facility (to be renamed) at KEK and may collect data in 2007 with a sensitivity of 10 −18 [27] . This great technological leap of more than 4 orders of magnitude warrants LFV as a larger part of our community's consciousness for the next decade.
The muon conversion ratio is [28] R
Using 48 Ti as the sample, nuclear form factor F P = 0.54 [29] , Z eff = 17.6 [30] , and the muon capture rate Γ capture = 2.6 × 10 −6 s −1 [31] . In model X, this simplifies to
Note that R ∝ 1/m 4 X means for every four orders of magnitude gained through the experimentalists' efforts, it becomes possible to probe Z ′ bosons exactly one magnitude more massive. All processes that involve only one Z ′ internal propagator will share this feature in its observable, such as µ → eee and µ → eγ. Fig. 3 . This plot and all plots to follow do not assume that the model X boson fully accounts for the muon g − 2 observed deviation. Fig. 3 is best appreciated by noting the large boson masses and small e-µ charges Q l 12 accessible. For example, a LFV signal at PRIME may imply a model X boson with a mass about O(10 TeV) and couplings as small as O(10 −5 ).
The vast discovery potential of future muon conversion experiments is demonstrated in
Even without a LFV signal, MECO and PRIME will provide strict bounds on theoretical models that include LFV.
Due to the stringent current muon conversion limit, Q l 12 is constrained to be very small for light X bosons. Because of the relationships between all charges of model X, muon conversion constrains the parameter space of model X more so than any other experiment, as will be shown in the following subsections.
µ → eee
This process has been historically performed using antimuons at rest, µ + → e + e + e − . A negative muon will tend to be captured by a nucleus in the target used to stop the muon, and is therefore not used. µ → eee is similar to muon conversion in that they both stringently probed the e-µ charge Q l 12 . µ → eee differs in that it also probes e-e charge Q l 11 at tree level. The partial width for µ → eee is
The branching ratio for model X at tree level results in
The current sensitivity level is R(µ → eee) < 1.0 × 10 −12 from SINDRUM at PSI (1988) [32] . There are no major µ → eee projects announced as forthcoming. However, with the Fig. 3 . It is obvious that the current limits of muon conversion and µ → eee are competitive in their parameter space coverage. More subtle is noting that, muon conversion has probed more parameter space than µ → eee. For example, using Q l 11 = −1 and Q l 12 = 10 −5 (the muon g − 2 optimal parameters), muon conversion has probed the LFV boson mass to 2 TeV while µ → eee probed to 800 GeV. Therefore, in the near future, muon conversion warrants more attention as the MECO and PRIME experiments are coming online in 2006 and 2007 respectively. This plot does not assume the LFV should account for all of the BNL E821 muon g − 2 observed deviation. future high-intensity muon sources in the works, a near-future experiment is yet plausible. Fig. 4 shows us that µ → eee is a competitive experiment with muon conversion for probing the e-µ charge Q l 12 . Closer inspection reveals muon conversion has probed more parameter space than µ → eee. For example, if the muon g − 2 parameters of Q l 11 = −1 and Q l 12 = 10 −5 are used, µ → eee has probed X bosons to 800 GeV while muon conversion has probed to 2 TeV. Furthermore, muon conversion has provided stricter bounds than linear and hadronic collider searches for generation-dependent Z ′ bosons that originate from SU(2) h × SU(2) l and U(1) l × U(1) h extended electroweak gauge structures (special cases of model X), as studied in Ref. [35] in which a lower boson mass limit of 375 GeV is claimed.
There are similar processes for the tau lepton: τ → µµµ, τ → eeµ, τ → µµe, and τ → eee. However, the branching ratios for all of these are on the order of O(10 −6 ) and place too weak of constraints to be of relevance in this study [22] .
3.5 µ → eγ µ + → e + γ has historically been probed by allowing an antimuon at rest to decay and waiting for back-to-back decay products. For the same reasons as µ → eee, a negative muon is not used. The dominant diagrams for µ → eγ are identical to the muon g − 2 with the outgoing antimuon exchanged for a positron. This provides a new probe by changing the charges probed at the vertices involving the positron. In principle, µ → eγ probes all charges of model X. However, a tau internal propagator dominates for the same reasons it should dominate lepton anomalous magnetic moments. This effectively reduces the charges probed to only Q l 13 and Q l 23 . The partial width for µ → eγ is
where
For model X, the branching ratio results in
The current limit is held by MEGA at LANL (1999) to be R(µ → eγ) < 1.2 × 10 −12 [33] .
A recently approved experiment MEG at PSI may reach a sensitivity of 10 −14 [34] in 2003. From Fig. 5 , it is seen that the muon conversion limit overrides the µ → eγ limit when considering the parameter space covered in model X. For example, using the muon g − 2 optimal charges again, |Q l 13 Q l 23 | = 1, µ → eγ has only probed the model X boson up to about 500 GeV. An earlier effort confirmed this ranking of LFV experiments for top-color assisted technicolor, a specific case of model X [14] .
Due to the relatively weak branching ratio limits for τ → µγ and τ → eγ (both on the order of 10 −6 , those analyses are rendered irrelevant for model X [22] . However, a stronger limit on τ → µγ could prove interesting since the charges involved, Q l 23 and Q l 33 , may have magnitudes near 1 for the muon g − 2 optimal charges. It is important to eliminate the possible confusion over which experiments are most constraining for a given model. The value of this plot is in revealing that the µ → eγ MEGA limit is of little value to constrain model X bosons beyond or complementary to muon conversion when BNL E821 muon g − 2 constraints are applied. The muon g − 2 optimal charges are |Q l 13 Q l 23 | = 10 −5 and such, MEGA has probed model X bosons to about 500 GeV for g X = G Y . If muon g − 2 constraints are relaxed, with large e-τ charge Q l 13 , the MEGA limit has probed to very large LFV Z ′ boson masses, i.e. 10 TeV for (g X /g Y ) 2 |Q l 13 Q l 23 | = 10 −2 . This plot does not assume the LFV should account for all of the muon g − 2 observed deviation.
3.6 e + e − → µ + µ − e + e − → l + l − is included in our analysis to provide a simple way of constraining the mass of any Z ′ model at future linear colliders. Because the cross-section σ(e + e − → l + l − ) is insensitive to what outgoing charged lepton is used, we arbitrarily choose muons as outgoing.
At tree level, this process is dominated by the s-channel exchange involving only charges Q l ii . t-channel exchange suffers (Q l 12 ) 4 suppression, rendering it relevant only for X bosons with masses somewhere over 1,000 TeV where the e-µ coupling (g X /g Y ) 2 Q l 12 may be 1 or larger (Fig. 3) . This would come at the expense of losing a LFV Z ′ interpretation of the muon g − 2 observed discrepancy.
The next linear colliders have potential to show a 1% deviation in the cross-section for e + e − → l + l − . It is assumed a 1% observed difference in ∆σ(e + e − → µ + µ − )/σ SM (e + e − → µ + µ − ) is entirely due to the X boson. We include interference with photon and Z exchange in ∆σ. Fig. 6 has the parameter space limits set forth by future linear colliders superimposed with the limits set by muon conversion. Parameters g X = g Y , Q l 11 = −1, and Q l 22 = −1 are used.
It is seen that the future muon conversion and linear collider experiments are highly com- Figure 6 : LFV Z ′ boson mass m X (GeV) vs. the electron-muon charge Q l 12 . This plot demonstrates future muon conversion and linear collider experiments to be highly complementary. The vertical lines show the maximum Z ′ mass that would show a 1% deviation in ∆σ(e + e − → µ + µ − )/σ SM (e + e − → µ + µ − ) with parameters g X = g Y , Q l 11 = −1, and Q l 22 = −1. The diagonal lines are limits that would be set by future muon conversion experiments. The upper left "quadrant" contains parameter space that would be implied at both types of experiments. The upper right quadrant contains parameters that could only be implied at future muon conversion experiments. The lower left quadrant contains parameters that could only be implied by future linear colliders. Neither type of experiment could see the parameters of the lower right quadrant. plementary in their search for a model X boson. Signals implying parameters in the upper left "quadrant" of m X and Q l 12 parameter space can be seen at both types of experiments. The larger masses in the upper left quadrant can be seen only by muon conversion experiments. Due to the insensitivity to t-channel exchange, future linear colliders may probe the region of arbitrarily small e-µ charge in the lower left corner. Neither type of experiments will see the lower right corner.
Summary
Theoretical and experimental motivations for a lepton-flavor violating Z ′ boson are explored. A LFV Z ′ boson interpretation is applied to recent and near-future experiments. A conservative model was chosen by balancing the least number of free parameters while not sacrificing generic phenomenological behavior. Through this "model X," we established the following:
• The BNL E821 muon g −2 deviation may fully be attributed to a X boson with a mass as large as roughly 6 TeV, or less as the coupling constant g X is lowered. This LFV boson will also maintain compatibility with muon conversion, µ → eee, and µ → eγ experimental null searches.
• Even without LFV, a Z ′ with only lepton-flavor conserving interactions may still account for the muon g − 2 deviation with masses as large as 660 GeV. No linear collider may place a limit on this mass due to the parameter space that allows for arbitrarily small eeX couplings.
• Model X is immediately testable. Nearly all parameter space points in the first claim above will have produced one to twenty e + e − → µτ events at LEP II. An analysis of the LEP II data is therefore urged.
• The technological advances incorporated in future muon conversion experiments, MECO (2006) and PRIME (2007), will improve probes of LFV Z ′ masses by more than an order of magnitude. For example, 10 TeV bosons with couplings of 10 −5 will be accessible.
• Furthermore, muon conversion places the strictest lower bounds on LFV Z ′ masses over all other experiments, including µ → eee, µ → eγ, and all collider searches.
MEG, a future µ → eγ experiment, will not probe model X bosons beyond what muon conversion already has. With no forthcoming µ → eee experiments announced, the importance of MECO and PRIME for the next decade is emphasized.
• Future linear colliders will be complementary in their search for Z ′ bosons. As they are insensitive to LFV primal vertices, linear colliders provide different limits as explained in Fig. 6 .
